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The effective action with homogeneous valence (off-diagonal) gluons as background fields in the
extended SU(2) model of QCD is obtained in one-loop approximation. We keep the manifest gauge
and Lorentz invariance during whole calculation by using a special gauge-fixing recipe and taking
into account the quartic interaction terms in the original Lagrangian as well. It has been shown
that the effective Lagrangian gains a positive imaginary part.
PACS numbers: 12.38.-t, 11.15.-q, 12.38.Aw, 11.10.Lm
The establishment of color confinement and deriva-
tion of the low energy effective theory from the first prin-
ciples is one of important problems in quantum chromo-
dynamics (QCD). For last years the idea of monopole
condensation which can provide the color confinement
mechanism [1,2] has been supported in analytical stud-
ies [3] and lattice simulations [4]. Recently it was shown
[5] in the framework of the extended SU(2) QCD model
[6] that the effective theory obtained after integrating
out all dynamical degrees of freedom can describe the
confinement phase with the monopole condensation and
dynamical gauge symmetry breaking. The later provides
the effective mass generation and gives the origin for the
kinetic term in the Skyrme-Faddeev effective Lagrangian
[7,8,5]. It was proposed [5] that the effective action has
a new duality symmetry which is closely related with the
vacuum stability in the case of a pure chromomagnetic
background whereas in the presence of a chromoelectric
background the corresponding vacuum becomes unsta-
ble due to the imaginary part of the effective Lagrangian.
The imaginary part for chromomagnetic and chromoelec-
tric background in standard SU(2) model of QCD was
considered in [12–15].
In the present paper we study further the quantum
properties of the extended SU(2) model of QCD and cal-
culate the one-loop effective action with covariant con-
stant valence (off-diagonal) gluons as background fields.
Notice, that the extended SU(2) model of QCD [6] in-
corporates naturally the topological scalar field which in-
sures the off-diagonal gluon to be represented as a gauge
covariant object in the extended gauge theory. This allow
us to treat the effective action with off-diagonal gluons
in a consistent gauge invariant manner. Our effective La-
grangian with covariant constant valence gluons reveals
a non-trivial vacuum but possesses a positive imaginary
part. We maintain the explicit Lorentz and gauge in-
variance during calculation of the effective Lagrangian
and take into account the contribution which is coming
from the quartic gluon interaction terms in the classical
Lagrangian.
We will follow the original papers [6] and remind first
the main lines of the extended SU(2) model of QCD.
The principal construction in that model is a generalized
parametrization for the SU(2) gauge connection imple-
mented with a scalar field nˆ which describes the topolog-
ical degrees of freedom of the non-Abelian gauge theory
~Aµ = Aµnˆ− 1
g
nˆ× ∂µnˆ+ ~Xµ
= Aˆµ + ~Xµ, (nˆ
2 = 1). (1)
The restricted conection Aˆµ still represents an SU(2)
connection which undergoes the full SU(2) group gauge
transformations and at the same time maintains all topo-
logical characteristics of the original unconstrained non-
Abelian potential. The isolated singularities of nˆ de-
fine the second homotopy group π2(S
2) which describes
the non-Abelian monopoles from the different topological
sectors. Indeed, Aˆµ with Aµ = 0 and nˆ = rˆ leads to Wu-
Yang point-like monopole solution [9,10]. Besides that,
with the S3 compactification of the three-dimensional
space R3, the all mappings nˆ are characterized by the
Hopf invariant π3(S
2) ≃ π3(S3) which classifies the topo-
logically distinct vacua in the non-Abelian gauge theory
[11,2]. Notice, that since the SU(2) connection space
is an affine space one can extend the restricted connec-
tion Aˆµ by adding a general covariant vector ~Xµ (so-
called “valence gluons” [6]) which corresponds to the off-
diagonal components of the gauge potential in the stan-
dard SU(2) QCD.
Under the infinithesimal SU(2) gauge transformation
δnˆ = −~θ × nˆ , δ ~Aµ = 1
g
~Dµ~θ, (2)
1
one has the following transformation rules for the Abelian
component Aµ (“photon”), the restricted connection Aˆµ
and valence gluons ~Xµ
δAµ =
1
g
nˆ · ∂µ~θ, δAˆµ = 1
g
Dˆµ~θ,
δ ~Xµ = −~θ × ~Xµ, (3)
here
Dˆµ = ∂µ + gAˆµ (4)
is a covariant derivative of the restricted theory. It should
be noted that the restricted connection Aˆµ itself keeps the
whole SU(2) gauge invariance providing by this the gauge
independent structure of the Abelian projected effective
theory. The Lagrangian of the extended Yang-Mills the-
ory can be written as follows [6]
L0 = −1
4
~F 2µν = −
1
4
Fˆ 2µν −
1
2
Fˆµν · nˆXµν
−1
4
X2µν −
1
4
(Dˆµ ~Xν − Dˆν ~Xµ)2, (5)
where the main field strengths for the “photon” Aµ ,
magnetic potential ~Cµ and valence gluons ~Xµ are defined
by
~Fµν = Fˆµν nˆ+ Dˆµ ~Xν − Dˆν ~Xµ + g ~Xµ × ~Xν ,
Fˆµν = (Fµν +Hµν)nˆ,
Fµν = ∂µAν − ∂νAµ,
Xµν = gnˆ · ( ~Xµ × ~Xν),
Hµν = −1
g
nˆ · (∂µnˆ× ∂ν nˆ)
= (∂µ ~Cν − ∂ν ~Cµ + g ~Cµ × ~Cν) · nˆ. (6)
The vector connection ~Cµ ≡ −1
g
nˆ × ∂µnˆ is exactly the
magnetic potential which corresponds to the classical
Wu-Yang monopole solution [9] or to Dirac string af-
ter making gauge transformation to a singular magnetic
gauge [6]. In the magnetic gauge the magnetic poten-
tial for the monopole solution is represented explicitly
by an Abelian part of the full connection. To pass to
the magnetic gauge it is more convenient to decompose
the vector fields ~Cµ and ~Xµ in the orthonormal basis
(nˆa, n3 ≡ nˆ; a = 1, 2) instead of explicit rotating the in-
ternal space of SU(2) as it was defined in [6]
~Cµ = C
a
µnˆ
a, ~Xµ = ~X
a
µnˆ
a. (7)
After introducing complex notations for the vector fields
Xµ =
1√
2
(X1µ+ iX2µ), X¯µ = (Xµ)
∗ one can rewrite the
classical Lagrangian L0 as
L0 = −1
4
(Fµν +Hµν)
2 − 1
2
|DµXν −DνXµ|2
+ig(Fµν +Hµν)X¯µXν − V (X4),
V (X4) =
g2
2
[(X¯X)2 − X¯2X2],
Dµ = ∂µ + ig(Aµ + Cµ),
Cµ = −1
g
nˆ1∂µnˆ2. (8)
The magnetic field strength Hµν can be rewritten in the
magnetic gauge as follows
Hµν = ∂µCν − ∂νCµ. (9)
We have two types of gauge transformations under
which the original Lagrangian is invariant:
(I) the active type transformations defined by Eqs. (2)
and (3) and (II) the passive ones which have the following
form
δCµ = 0,
δAµ =
1
g
∂µθ3 + iθ¯Xµ − iθX¯µ,
δXµ =
1
g
Dµθ − iθ3Xµ. (10)
It should be noted that the passive type gauge trans-
formations possess a structure of the complexified U(1)
gauge group and in addition we have also the Abelian
dual Um(1) magnetic gauge symmetry for the magnetic
potential Cµ [6].
Let us consider the generating functional for con-
nected Green functions with the sources corresponding
to the Abelian and off-diagonal gluons
W [Jµ, ~Jµ] =
∫
DAµD ~Xµ exp[−i
∫
(
1
4
~F 2µν
+AµJµ + ~Xµ · ~Jµ)d4x]. (11)
We split the gauge fields into the classical background
A0µ, X0µ and quantum parts A
′
µ, X
′
µ
Aµ = A0µ +A
′
µ,
Xµ = X0µ +X
′µ. (12)
The magnetic potential Cµ (or equivalently the topolog-
ical scalar field nˆ) is treated as a classical object since
it does not contain dynamical degrees of freedom in the
original theory. Notice that formally we can include the
magnetic potential Cµ into the classical part A0µ of the
Abelian gauge component since the Cµ enters the covari-
ant derivatives Dµ, D¯µ in additive manner everywhere.
In computation of functional determinants in the non-
Abelian gauge theory while keeping the manifest Lorentz
2
invariance one encounters an obstacle of calculating the
matrix determinants with respect to Lorentzian and in-
ternal group indices. To overcome this technical difficulty
we choose the special gauge-fixing functions f, h
f = D0µX
′
µ − igA′µX0µ,
h = ∂µA
′
µ + igX0µX¯
′
µ − igX¯0µX ′µ, (13)
whereD0µ = ∂µ+ig(A0µ+Cµ) is a U(1) covariant deriva-
tive with background Abelian fields. This choice allows
us to factorize the functional determinants in Lorentzian
indices. Using the passive type gauge transformations
and applying the ’t Hooft trick of inserting the unit into
the generating functional we obtain the gauge-fixing La-
grangian (in Feynman gauge)
Lgf = −ff∗ − 1
2
h2 (14)
and the Faddeev-Popov ghost determinant DetMFP in a
standard way. We calculate the effective action in one-
loop approximation and consider the background valence
gluons which are covariant constant under the transfor-
mations of the stability subgroup U(1)
D0µXν = 0. (15)
Since the background Abelian field A0µ + Cµ appears
everywhere only in terms of the covariant background
derivativeD0µ and background field strength F0µν we can
rewrite the effective Lagrangian in an explicit covariant
form. Our choice of the gauge-fixing functions, Eq. (13),
simplifies crucially the kinetic term structure
L0 + Lgf =
1
2
A′µ[gµν(✷− 2a)]A′ν
+2igA′µ(X0νD¯0νX¯
′
µ − X¯0νD0νX ′µ)
+X¯ ′µ[gµν(D0D0 − a) + 2igF0µν ]X ′ν
+2g2X¯ ′µ(X¯0µX0ν −X0µX¯0ν)X ′ν
+
g2
2
X¯ ′2X20 +
g2
2
X ′2X¯20 , (16)
where a = g2X¯0µX0µ and we keep only terms quadratic
in quantum fields which are enough at one-loop level.
The Faddeev-Popov matrix operator is
MFP =
δ(f, f¯ , h)
δ(θ, θ¯, θ3)
=
1
g

 D0D0 − a g
2X2
0
−2igX0µ∂µ
g2X¯20 D¯0D¯0 − a 2igX¯0µ∂µ
−2igX¯0µD0µ 2igX0µD¯0µ ✷− 2a

 . (17)
We consider the case of U(1) covariant constant valence
gluon background. The integration over Abelian field Aµ
results in a functional determinant
Det−
1
2KA = Det
−
1
2 [gµν(✷− 2a)] (18)
and additional non-local terms which will contribute to
the effective action after subsequent integrating out the
quantum parts X ′µ of the valence gluons. The final ex-
pression for the functional determinant obtained after
performing the integration over Abelian and off-diagonal
gauge fields is the following
Det−
1
2Kµν = Det
−
1
2
(
A˜ B˜
C˜ D˜
)
,
A˜µν = gµν(D0D0 − a+ α
✷− 2a) + 2ig(F0µν +X0µν),
B˜µν = gµν(g
2X20 −
β
✷− 2a) ≡ gµνB,
C˜µν = (B˜
∗)µν ≡ gµνC, D˜µν = A˜∗µν . (19)
where
α = 4g2X¯0µX0νD0µD0ν ,
β = 4g2X0µX0νD¯0µD¯0ν . (20)
So that the one-loop contribution to the effective action
is given by
∆Seff = −1
2
Tr lnKA − 1
2
Tr lnKµν +Tr lnMFP . (21)
For simplicity we consider the effective Lagrangian
with off-diagonal background gauge fields only, so from
now on we set A0µ = 0. The determinant of the matrix
Kµν can be simplified to the next form
DetKµν = Det(A˜D˜ − B˜C˜)
= Det[gµν(A
2 −BC) + 4X0µρX0ρν ], (22)
where
A = ✷− a+ α
✷− 2a. (23)
The field strength Xµν has a useful cyclic property
XµνXνρXρσ = −1
2
χ2Xµσ,
χ =
√
X0µνX0µν . (24)
Using this relation one can calculate the part of the de-
terminant in Eq. (22) with respect to Lorentzian indices.
After some simplifications one obtains
lnDetKµν
= 2tr ln(A2 −BC) + 2tr ln(A2 −BC − 2χ2), (25)
where “tr” involves only the remaining functional trace.
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The Faddeev-Popov determinant is simplified in a
similar manner
DetMFP = Det(A
2 −BC)Det(✷− 2a). (26)
Summing up contributions from all determinants one ob-
tains the simple expression for the one-loop contribution
to the effective action
∆Seff = −tr ln(A2 −BC − 2χ2)− tr ln(✷− 2a). (27)
This expression has no neither Lorentzian nor internal
group indices and is quite suitable for calculation of the
remaining functional traces. Passing to the Eucledian
space-time and making Fourier transformation we can
fullfil the integration over momentum with using a cut-
off regularization scheme. To obtain the final expression
for the effective Lagrangian one needs to know only the
functional dependence on the valence gluons. The eas-
iest way to find the functional form of the effective La-
grangian is to replace the complex vectors Xµ, X¯µ with
a pair of real vectors in Eucledian space-time
XµE → Vµ, X¯µE →Wµ. (28)
In four dimensional Eucledian spherical coordinates the
momentum kµ has the following projections
kµ =


k cos θ1
k sin θ1 cos θ2
k sin θ1 sin θ2 cosφ
k sin θ1 sin θ2 sinφ

 . (29)
One can choose the coordinate system in the 4-
dimensional Euclidean space-time in such a manner that
the vectors Vµ and Wµ will have the next components
Vµ = (V, 0, 0, 0), Wµ = (W cosψ,W sinψ, 0, 0), (30)
here, we introduced the angle ψ between vectors Vµ,Wµ.
The knowledge of the angle dependence allows us to re-
store the scalar product terms (X¯X) from the corre-
sponding terms VW cosψ in the final expression after
completing whole calculation. It is possible to proceed
through all calculations with the original real vectors
X1µ, X2µ as well. But for our purpose to calculate the
effective Lagrangian with a constant background the re-
placement defined by Eq. (28) is more convenient. With
these notations one can write down the one-loop contri-
bution to the effective action as follows
∆Seff = −tr ln[(k2 − a)2(k2 − 2a) + 2α(k2 − a)
−(4a2 − 3g4V 2W 2)(k2 − 2a)
−g2W 2β − g2V 2β¯], (31)
where
a = −g2qV W,
q = cosψ,
α = −4g2VWk2cosθ1(q cos θ1 + sinψ sin θ1 cos θ2),
β = −4g2V 2k2 cos2 θ1,
β¯ = −4g2W 2k2(q cos θ1 + sinψ sin θ1 cos θ2)2. (32)
One can calculate explicitly the leading logarithmic
part in the one-loop effective Lagrangian using a cut-
off regularization. After performing the integration over
k, θ1, θ2, φ one results in
Leff = −g
2
4
χ2 − g2Λ2(X¯0X0)
− 11g
4
96π2
χ2(ln[
g2χ
Λ2
]− c) + 11ig
4
192π
χ2, (33)
where c is a number parameter, and we omitted the
quartic terms proportional to Λ4. To calculate the num-
ber factor c and the imaginary part of the effective La-
grangian we used numerical computation with consider-
ing an analytical continuation in the parameter q from
q = 1 to q = 0 which corresponds to analytical contin-
uation of the χ2 to negative values. Since the final ex-
pression possesses a covariant form one can calculate the
number parameter c = 0.3769... and, what is more im-
portant, the imaginary part of the effective Lagrangian.
After subtracting infinities within the minimal subtrac-
tion scheme and proper mass and charge renormalization
we obtain a final expression for the one-loop renormalized
effective Lagrangian with valence gluons
Lreneff = −
g2
4
χ2 −m2R(X¯0X0)
− 11g
4
96π2
χ2(ln[
g2χ
µ2
]− 1
2
) +
11ig4
192π
χ2. (34)
It should be stressed that the sign of the imaginary
part is fixed by the causal structure which is under the
control by putting the infinithesimal quantity −iǫ in pro-
pogators. For the case q = 0 one has checked that the real
part of the function under the logarithm in Eq. (31) is
negative for all admissible values of kµ. This determines
uniquely the sign of the imaginary part in the effective
Lagrangian. We can keep also the renormalised mass
parameter mR since in the presence of the magnetic po-
tential Cµ the off-diagonal gluons behave like a charged
matter and the mass term does not spoil the gauge invari-
ance. In the case of mR = 0 the vacuum energy density
has a non-trivial vacuum at the non-zero value for the
classical field strength χ
< χ >=
µ2
g2
exp (−24π
2
11g2
). (35)
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This minimum does not correspond to a stable vacuum
due to the presence of the imaginary part in the effective
Lagrangian.
Notice, that our final expression fro the effective La-
grangian, Eq. (34), has a manifest gauge and Lorentz
invariant form and the number factor in front of the log-
arithm leads to a correct negative β-function of QCD in
agreement with the renormalization group equation ap-
proach.
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